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Abstract

Components under fatigue loading have significant amounts of
scatter and inconsistency considered in fatigue failure data. Due to
uncertainties in predicting component fatigue life, probabilistic
approaches were to quantify the influence of uncertainties on the
fatigue life. However, computation time associated with the
commonly used Monte Carlo simulation can be prohibitive during
design stage assessments. Therefore, the purpose of the current
work was to demonstrate the use of efficient probabilistic methods,
as alternatives to Monte Carlo method, to accurately predict
fatigue lives for Aluminum 6061-T6 sheets. Based on
experimentally determined of stress-life distributions, predicted
distributions of fatigue life agreed closely with replicate
experimental test results. The study showed that with significantly
less computational time, there is a very good agreement for
advanced mean value (AMV) and the first order reliability method
(FORM) with Monte Carlo. However, the mean-value (MV)
method was less accurate in tail regions that indicates poor life
prediction. The sensitivity analysis showed that S-N slope
parameters (a and b) had insignificant contributions to the scatter
in fatigue life compared to the dynamic loading and component
geometries.

Keywords: Fatigue life prediction, Probabilistic Methods,
Aluminum 6061-T®6.

1. Introduction

The topic of structural fatigue is concerned with the mechanical
behavior of structures, which are subject to repeated load
applications. Fatigue failure is a remarkably complex physical
process, which is directed by a several number of parameters such
as loading and boundary conditions and repeated stresses over
time. Most fatigue failures caused by cyclic loads significantly
below the loads that would result in yielding of the material [1].
Cyclic nature of the load that leads to microscopic material flaws
to propagate into a macroscopic crack. Due to constant repeated
loads, the crack grows to a critical size that results in structural or
pressure boundary failure of the component [2]. They occur, in
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many cases, without any plastic deformation, which means there is
usually no visible warning of that a failure is about to happen.

In the beginning of the material’s lifetime, the material
experiences only inner defects (micro cracks, voids,..., etc.).
Because of the effect of the cyclic loading, the small defects tend
to increase in size and shape that effects the material, reducing its
stiffness. Then, the defects become small cracks and the failure
progression develops into its second stage of small crack growth
[3-5]. With a reasonably high number of cycles, these growing
small cracks become large cracks, which demonstrates the fracture
behavior. Figure 1 summarizes the general understanding of the
fracture mechanism. In general, there are four phases of crack
growth [6].

Stagell
Short crack
growlth Stage I
Steady crack

growth

Slage IV
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A J
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Figure 1. Stages of crack nucleation and growth

Many of the reported strength data are mean values. There is
significant scatter in numerous tests of the same material under the
same experimental conditions. Haugen and Wirsching described
that the standard deviations of endurance strengths of steels rarely
exceed 8% of their mean values [7]. The best approach, they
suggested, was to develop a set of material-property data for a
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particular loading and boundary conditions to a design. Since this
method is usually excessively expensive in both time and money,
the engineer relies on published material-property data. Some of
the tested material samples failed at stresses lower than the mean
value, which leads to reduce design strength.

The Stress-Life (S-N), The Strain-Life (e-N), and Linear Elastic
Fracture Mechanics (LEFM) are the main models that often used
for high-cycle fatigue applications. The optimal approach of
fatigue-failure testing for machine-design purposes can be
determined by the type of machinery being designed on and its
intended use. The large class of rotating machinery, stationary or
mobile, is well served by the S-N approach because the required
lives are usually in the High-Cycle Fatigue (HCF) range that the
other two models work best in Low-Cycle Fatigue (LCF) regimes
are more focused on the mechanism of crack initiation or existing
crack [8].

Several  researchers  have  examined  probabilistic
characteristics of fatigue, including inconsistency in S-N data [4,9-
16]. Traditionally, the uncertainties in the data have been
compensated by applying experience-based safety factors or
margins to the calculated maximum load to the design analysis of
essential components, leading the probability of failure to a
satisfactory level. Different from deterministic evaluations,
probabilistic approaches introduce the input variables as
distributions and predict distributions of performance [16-19].

Stress-Life predictions using probabilistic fracture mechanics
have commonly used inherently time-intensive Monte Carlo
simulations [20-22], and simplified fracture mechanics models. In
some cases, complicated mathematical manipulations and
formulations are required. For that reason, the current work was to
explore other probabilistic life prediction approaches and employ
them as an alternative to Monte Carlo method to calculate fatigue
reliability of Aluminum 6061-T6 sheets. A class of probabilistic
approaches based on the most probable point (MPP) are becoming
regularly used as a means of reducing the number of performance
function calculations from that of exhaustive Monte Carlo

4 Copyright © ISTJ i gine gkl (3 sia
Al 5 o slall 20 5all Alaall



27 ) Ry gl 3450 T

International Science and
Smtrsmtonst Sxbames i Tonhmeing Sverssd

Wb Aoyt Volume 27 STJ%

simulation. Even though many variations have been anticipated,
the best-known and most widely used MPP-based methods include
the first-order reliability method (FORM) [23], mean valve (MV),
and advanced mean value (AMV) [24].
2. Method

The objective in this study was to provide quantitative measures
of component reliability that represents uncertainties inherent to
manufacturing tolerances of and material properties by exploring
different probabilistic approaches as alternatives to Monte Carlo
simulation.

Deterministic model

As previously discussed, components were subjected to a large
number of cycles of the applied stress that failed under stress
values well below the ultimate strength and often even below yield
strength. It has been found that the cycles to failure, N, versus the
stress value, S, follow a straight line when plotted on log-log
paper. The experimental data used in this study was an original
collection of articles by Birnhaum and Sauders [25]. In particular,
the study utilized the real data set used in [25-30] and a scaled
version of the data set was given by Owen and Padgett [31].

Experimental method

The fatigue-testing machine developed by the Instrument
Development Unit of the Physical Research Staff, Boeing Aircraft
Company, which designed for metal-coupons to undergo repeated
alternating stresses & strains [25, 31]. The coupon (rectangular
strips) cut from aluminum sheeting was clamped at the ends and
deflected in the center to either side from the position of
equilibrium; the frequency of oscillation and stress amplitude was
controlled. The amplitude was set either to constant (periodic
loading) or random with a determined distribution. The nominal
maximum stress was calculated from the maximum amplitude. The
machine was equipped with a mechanism to clock the number of
cycles that caused fatigue failure of the coupons.
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Table 1 shows the number of cycles to failure obtained from
there stress levels of fatigue testing of Aluminum 6061-T6 sheet
(rectangular cut) ASTM (0.5” x 0.125”). The three sets of data
were obtained, each under a periodic loading scheme with
frequency of 18 cycles/sec.

Table 1. Failure data (cycles x 103) of 304 6061-T6 aluminum
coupons tested for fatigue failure under cyclic stress at three
different levels of maximum stress per cycle.

Failure data collected at Failure data collected at Failure data collected at
21 ksi 26 Kksi 31 ksi

570 11120:1420:1750 233 { 352 { 400 | 445 70 (120 : 134 { 149
706 {1134:1420:1750 258 { 356 | 403 | 445 90 121 : 134 : 151
716 1114014501763 268 | 358 | 404 i 452 96 {121 : 134 ¢ 151
746 11199:1452:1768 276 i 358 | 406 | 456 97 123 i 134 : 152
785 11200:1475:1781 290 { 360 | 408 | 456 99 | 124 : 136 { 155
797 11200:1478:1782 310 { 362 | 408 | 460 100 | 124 | 136 { 156
844 11203:1481:1792 312 { 363 | 410 | 464 103 | 124 | 137 { 157
855 11222:1485:1820 315 | 366 | 412 | 466 104 | 124 { 138 | 157
858 11235:1502:1868 318 { 367 | 414 | 468 104 | 124 | 138 | 157
886 {1238:1505:1881 321 ¢ 370 { 416 | 470 105 ¢ 128 : 138 { 157
886 {1252:1513{1890 321 { 370 | 416 | 470 107 | 128 | 139 | 158
930 {1258:1522:1893 329 { 372 | 416 | 473 108 | 129 | 139 159
960 {1262:1522:1895 335§ 372 | 420 | 474 108 | 129 | 141 ; 162
988 11269:1530:1910 336 | 374 | 422 | 476 108 | 130 | 141 ; 163
990 {1270§1540{1923 338 { 375 | 423 | 476 109 | 130 | 142 ; 163
10001290 156041940 338 | 376 | 426 | 486 109 | 130 | 142 ; 164
1010i1293: 15671945 342 { 379 | 428 | 488 112 { 131 { 142 ; 166
1016{1300: 15782023 342 | 379 | 432 | 489 112 | 131 | 142 } 166
1018:1310:1594{2100 342 { 380 { 432 | 490 113 { 131 ; 142 ; 168
1020{1313:{1602{2130 344 | 382 | 433 | 491 114 | 131 | 142 { 170
1055{1315:1604 ;{2215 349 { 389 | 433 | 503 114 : 131 ; 144 : 174
1085:i1330: 16082268 350 { 389 | 437 | 517 114 | 132 | 144 : 196
1102{1355: 1630} 2440 350 § 395 | 438 | 540 116 | 132 | 145 { 212
1102i1390: 1642 351 { 396 | 439 | 560 119 { 132 { 146

1108:1416: 1674 351 ¢ 400 | 439 120 ; 133 : 148

1115{1419:1730 352 | 400 | 443 120 | 134 | 148

Figure 2 shows variability in number of cycles to failure for

each stress and the three levels of maximum stress for a periodic
loading scheme, g,,= 21, 0,,= 26 and g,3=31 ksi. The data were
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originally presented & examined in [26] and partially in [25]. The
specimen was 6061-T6 aluminum sheeting, which was cut
(parallel to the direction of loading) into the rectangular strips. The
testing produced data for the three levels of maximum stress with
sample sizes of n;=101, n,=102 and n;=101. The means and
standard deviations of all sets were summarized in Table 2 and
Figure 2. This data set was investigated in the literature assuming
that alternating stress o, was constant for each stress level, mean
stress o,, was zero. Stress Life relationship represented as
S = aNP, where b is the slope of the curve, a is constant, S is
stress, and N is Life or number of cycles to failure.

40
- Fatigue Life data

35

vvvvvvvvv Power Trendline

a
g
=
@ —
. “-ﬂ".'_““"-v
20 S = 67.078N 016
15

50 500 N (Cycles X 10°) 5000

Figure 2. S-N-P curve shows probabilistic nature of fatigue failures at
three stress levels.

Table 2. Experimental data distributions

10° cycles @ 31 ksi 26 ksi 21 ksi
Mean 1.3373 3.9788 14.029
Std. 0.22356 0.62324 3.8653

Probabilistic Model
Although S-N curves are widely used to investigate fatigue
failures, they have a number of limitations. For instance, they are
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unable to capture the variation of actual components such as
geometry, surface finish, and manufacturing defects. Besides that,
they ignore variation in actual use conditions of the components in
terms of loading, which are usually different from the test
conditions and importantly they do not take into account the
probabilistic nature of fatigue failures. There has been a better
approach that utilizes S-N-P curves that takes probabilistic
behavior and those variations into consideration [32]. There are
several probabilistic approaches based on different theories and
assumptions to study material failure behavior during dynamic
loading. Although, selecting one method is desirable, applying
several approaches may provide a better realistic prediction on
fatigue life in all cases. However, numerous studies used the brute-
force Monte Carlo simulation to accomplish that. This study used
three different advanced probability methods; MV, AMV and
FORM, as alternatives.

Performance Equation

In the current study, the input parameters were modeled as
distributions, and perturbed variables for the probabilistic methods
were passed to a commercially available probabilistic software
package, NESSUS. All variables that contribute in component life
as distributions to predict a distribution of performance as shown
in the following equation. In the probabilistic analyses, input
parameter variability was considered for cyclic loading,
component geometry, and slope S-N slope parameters (a and b).
Distributions for the input parameters were developed from
available literature data for Aluminum 6061-T6 conditions [26,
32].

loadalternating (H; 0')
Area (with(u, o) = thinkness (u, o))
= a(p, o) » N9,

where u, o are the mean values and standard deviations
respectively.

Several steps were taken to set up probabilistic model then
define the limit state equation. First, goodness of fit showed that fit

= stress
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normal and lognormal distributions were acceptable at 5%
significant level (K-S test). However, lognormal performed better
than normal distribution. Second step was to generate distributions
with mean and standard deviation of slope parameters. That was
achieved by capturing values of the two parameters that were
between 3+ standard deviation from the means as visualized in
Figure 3. The third step was to estimate 5% lower limit for a and b
which was considered the higher risk region. At that point the
design curve was obtained and presented in the following equation.

s \(oasm)
N= (67. 078)

After obtaining the performance equation, probabilistic models
were used to quantify the risk (probability of failure) and compute
shortest reliable life for a component using different reliability
methods, specifically, a 50k-trial Monte Carlo simulation and the
most probable point (MPP) methods; the mean-value (MV), the
advanced mean-value (AMV) and the first order reliability method
(FORM).

33 Mean)) o
% i
31 (*%3) -
— (%95) o
29 Design Line at 0.05)) o
27
2 25
(%]
o 23
™)
)
(%]
21
19
17
0.5 (LOG) N CyclesX10° 5 50
Figure 3. Design curve at 5 % lower bound
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Probabilistic Parameters

Table 3 shows inputs of probabilistic study parameters with
means and standard deviations. The dynamic load as well as for
the geometry variables (width and thickness of the Al-6061-T6
Sheet) were described by normal distributions, while the slope of
the S-N curve variables were described by lognormal distributions.
The load was assumed in the study that gave 26 ksi stress for the
purpose of comparing results with experimental data at the same
stress level. In the field, however, they depend upon the use
conditions with observed variations. The problem statement with
probabilistic inputs were defined in NESSUS.

Life = (2) (%)

- Area
Area = t*xw
Table 3. Input distributions

Variables Mean Star_1d§rd
deviation

Geometry width 0.5” +0.01”
(normal-distribution) thickness 0.125” +0.005”
Load (normal-
distritgution) force 175 0.1
Slope (lognormal a 67.078 0.22
distribution) b -0.1598 0.0018

Reliability Methods

Monte Carlo simulations and advanced probabilistic methods
performed in the current study are well described in the literature
[23,33,35] and summarized as follows.

Mean value (MV): Based on approximating MPP by perturbing
variables near the mean. Number of trials = 1 + (number of
variables).

Advanced mean value (AMV): MV + additional evaluation at
the MPP.

Number of trials = 1 + (number of variables) + (number of p
levels)

10 Copyright © ISTJ i gine gkl (3 sia
Al 5 o slell 40 gall Alaall



27 ) Ry gl 3450 T

International Science and
Smtrsmtonst Sxbames i Tonhmeing Sverssd

Wb Aoyt Volume 27 STJ%

First Order Reliability Method (FORM): various algorithms
based on first order approximation of the performance function.
Number of trials is dependent on convergence.

Monte Carlo Simulation: Randomly generates parameter values
from their distributions.

3. Results and Discussion

Two quantitative measures were employed in the study;
comparative analysis among probabilistic methods used in the
study and identifying which input parameters are most critical to
the performance distribution. The results showed slight differences
among reliability methods. Life distribution and sensitivity factors
for dominant variables were also obtained.

Fatigue Life Distribution

The model predicted the distribution of life for Al 6061-T6
sheet under axial fatigue stress. The probability of survival or
reliability was based on the performance function and represents
the probability of failure (POF=0.1) of the number of cycles that
components can survive under 26 ksi dynamic loading. Based on
the summarized results in Table 4 and cumulative density
functions (CDFs) presented in Figure 4. The predicted
distributions of life-to-failure showed reasonable agreement with
the experimental data over the entire CDF, with accurate
predictions of the mean. Moreover, the AMV and FORM methods
gave very similar results to the Monte Carlo simulations in less
than a second of computation time required only a small fraction
of the iterations. The MV predictions varied noticeably from the
experimental data for probabilities away from 0.50; this result is
somewhat expected as the MV method assumes linear behavior
which causes inaccuracies in non-linear systems [24]. To evaluate
the accuracy of the different probabilistic methods, their
predictions of fatigue life for a fixed probability of failure, POF, of
0.1 were compared in Table 4. This low probability was selected
based on conservative design assumptions that require the shortest
fatigue lives be considered in design to ensure a higher reliability.
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Table 4. Predicted life at POF = 0.1 at 26 ksi stress level

o[ g5, [omar]
MV 169,595.4 shortest | 6 E)fg_-l
. AMV 209,007.923 4 0.41
Probabilistc ——F——————— | scaau o
FORM 207,791.7 5 0.33 )
Monte 208,295.5 50,000 | 3 minutes
Experimental 3ata (ut 2%;15145-0 * 102 sample points
1
0.9
08
0.7
06
0.5
04 —— Monte Carlo

0.3
0.2
0.1

0

P (Probability)

0

100 200

300 400

Z (Response)

——FORM
——AMV
——Exp. Lognormal fit

600 700 800 900

Figure 4. Cumulative distribution functions of performance function
from Monte Carlo, FORM AMV, and MV probabilistic analyses versus
Experimental data cumulative distribution function.

Sensitivity Analysis

Sensitivity analysis

indicates the effect of each

individual

parameter on the reliability function. In other words, it illustrates
which input parameters that were, during the computation process,
the most contributing factors in the component life. Additionally,
random variables with negligible contributions can be treated as
deterministic variables to reduce the computation time. Figure 5
shows that life to failure of a component was most sensitive to the
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amount of variation in loading. In addition, cross-section area
plays an important role in the outcomes. However, slope of the
curve parameters were the least contributing factor, subsequently
when they modeled as deterministic, there was not significant
change in the outcomes

Figure 5. Sensitivity factors for fatigue life predictions (obtained from
the AMV method results). The sensitivity factors are normalized with
respect to the probability level (p = 0.01) and standard deviations of the
respective parameters.

4. Conclusion

In this study, it has been seen how principles of mechanical
design and reliability can be combined effectively to obtain
accurate reliability predictions and to design reliability directly
into components that were subject to fatigue failure. While Monte
Carlo analysis is often considered the gold standard, its accuracy
depends on the number of trials and the sampling error [33].
Furthermore, the study showed that with less computational time,
there is a very good agreement for AMV and FORM with Monte

Sensitivity factors for fatigue life predictions

= (dp/op)(o/p)

Z (p/dc)(o/p)
2,
3
3
= =
g0 [ H
5
p

-2

a b Force Width  Thickness

Random Variables

Carlo. Among the other methods used in the study, however, MV
was less accurate in tail regions that indicates poor life prediction,
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which is a known limitation of the linear method when applied to
non-linear models [24]. Besides that, the model best performed in
short life modeling. Additionally, the AMV and FORM methods
quantified sensitivity factors that emphasizing the most significant
variables in probabilistic modeling. The results showed that the S-
N slope parameters made negligible contributions to the scatter in
fatigue life and therefore could be modeled as deterministic.
However, dynamic loading and component geometries were the
chief variables.
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